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A PL GEOMETRIC STUDY OF ALGEBRAIC K-THEORY

BIZHONG HU

ABSTRACT. This paper manages to apply the Farrell-Jones theory on algebraic
K-groups of closed negatively curved riemannian manifolds to Gromov’s hy-
perbolic group theory. The paper reaches the conclusion that for any finite
polyhedron K with negative curvature, Wh(m;K) =0.

INTRODUCTION

This paper shall prove the following result: For any finite polyhedron K with
negative curvature, Wh(m;K xZ') =0, i > 0.

Our study originates from an attempt to carry a very successful strategy cre-
ated by F. T. Farrell and L. E. Jones in [FJ1] into M. Gromov’s theory of hyper-
bolic groups [G1], to “say something about the Whitehead groups of hyperbolic
groups.”

To describe the theory of Farrell-Jones in [FJ1], first recall the s-cobordism
theorem: Let W be an h-cobordism over M" n > 5. Then W is a product
if and only if (W) € Wh(n; M) vanishes; any element of Wh(zm; M) is the
Whitehead torsion of an A-cobordism over M . Next there is the control theory:
This theory measures an #/-cobordism by a real number, the diameter, and
tells that the h-cobordism is a product when the diameter is small enough.
Along these lines, Farrell and Jones consider any compact riemannian manifold
M with K < 0. They make use of the geodesic flow which is Anosov to
change h-cobordisms over M and apply their foliated control result to obtain
the following.

Theorem (Farrell-Jones, [FJ1]). For any compact riemannian manifold M with
K <0, Wh(mM xZ')=0, i >0. (It is now formally announced in [FJ3] that
Wh(n,M x Z') = 0 even when K <0.)

The concept of a polyhedron with K < 0 is defined and studied in [G1]. Note
that fundamental groups of finite polyhedra with negative curvature constitute
a major source for hyperbolic groups.

Now we give a description of our approach. Let M be a PL manifold with
K < 0. Define the ray space R to be the collection of all geodesic rays. R — M
is a fiber bundle. It is used to asymptotically lift an A-cobordism from M to
R . Define the geodesic space G to be the collection of all geodesics. G, rather
than R, is the geodesic flow, but G — M is not a fiber bundle. Fortunately,
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the canonical map G — R can be approximated by homeomorphisms, due to a
result of M. Davis and T. Januszkiewicz in [DJ] and the theory of cell-like maps
of L. Siebenmann. So we can take an h-cobordism from R to G and change
it by the time action of G. The metric of G is from its universal covering
G(X). At G(X), use the following metric

da = [ " dla(), B0 e d1.

And there is a relating concept, the weakly Anosov flow. Next we face a folia-
tion G that is merely topological. To treat G we make use of the topological
transversality of Kirby-Siebenmann-Quinn [Q2] to establish a concept called
stratified decomposition for topological manifolds and use it to obtain a C?°
foliated control result, the topological version of a C* foliated control result
of Farrell-Jones. Then we can show that for any compact PL manifold M with
K <0, Wh(m;M x Z') =0, i > 0. Finally we apply the concept of hyper-
bolization of Gromov and F. Waldhausen’s result on Whiteheads groups of free
products with amalgamations to extend the result for any finite polyhedron with
curvature < 0.

I would like to sincerely thank Lowell Jones, who introduced me to their
theory and brought me key documents.

1. PL GEOMETRY AND GEODESIC RAMIFICATION

1.1. Notations. R, H"¢, ¢ < 0, and S"¢, ¢ > 0, is, respectively, the n-
dimensional simply connected riemannian space with curvature 0, ¢ < 0 and
e>0.

1.2. Definition. Fix ¢ € R. Let K be a finite dimensional simplicial complex.
For each simplex A¥ ¢ K, we can realize it in the k-dimensional space form
of curvature & and give it the resulting geometry. We can do so in such a way
that all geometric simplices in K glue together to give a PL geometry to K:
For any PL curve a = a;U---Uqy , where each «;, 1 <i <k, is a line segment
in a simplex in K, define its length as L(a) = L(a;) + -+ + L(ay) . Distance
is minimum of lengths. A geodesic segment is a local isometry [a, b] - K. K
is called a PL e-space.

We mention that for any two points in K there exists a PL curve with min-
imum length, any line segment in a simplex is a geodesic of K and that a line
segment as a geodesic does not ramify at interior points. For other discussions,
see [DJ, §2], [G1, §1.4], and [Mo].

Let n be an integer and ¢ < 0. Denote r = (e\/m — e‘\/m)/Z\/H. Recall
that in H"*%, a unit sphere with its induced metric is isometric to S"*~!(r), i.e.,
Sn—1,1/7 1et K be a PL e-space. Consider any x € K . Take a simplex A%,
x € Ak . We know that A* is realized in H®. Take a face A c AK, x g A!.
Consider the collection of unit tangent vectors at x in HX*® whose geodesic
rays reach A’. This is an /-simplex in S-!/"" . All these glue together to form
a PL 1/r2-space, link(x), called the link at x. The following fact appears in
[G1, §4.2].

1.3. Proposition. Let K be a PL e-space, ¢ < 0. Then the following are
equivalent.
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FIGURE 1

(1) K < ¢. Its meaning will be cited in §2.
(2) For any x € K, link(x) is large, that is, for any a,b € link(x),
d(a,b)<r(e)-n, a and b are joined by a unique geodesic in link(x).

For a triangulated surface with a PL e-geometry, ¢ < 0, curvture < ¢ if and
only if at any vertex the sum of all angles satisfies ) 6 > 2x.

In a PL space with curvature < ¢ < 0, one faces the phenomenon shown in
Figure 1.

But, using a concept called infinitesimal shadow together with theories on
near homeomorphisms in topology, [DJ, §2-§3] proves the following results.

1.4. Theorem. Suppose that X is a simply connected PL n-manifold with a PL
geometry such that K <e<0.

(1) For x € X, r>0, E.(r) is homeomorphic to the usual E".

(2) For x € X, 0 < r < R, the canonical map Sx(R) — Sx(r) can be
approximated by homeomorphisms.

2. SpacEs WITH K <0

We now carry out a general study aimed at complete PL spaces with K <
¢ < 0. For the following definitions, refer to [G1, §4] and [G2].

2.1. Definitions.

Let M be a topological space. Suppose for each curve a in M there is
number L(a) such that L(a) >0, L(a) =0 only when a is a point, L(a) =
L(a') and L(a* B) = L(a) + L(B). Then call M with L a length space.
Define distance as the minimum of lengths to get a metric for M . A geodesic
is a local isometry R — M . Always assume that a geodesic segment can be
extended and that closed balls are compact.

A triangle in a length space is composed of three points and three geodesic
segments connecting them. We express a triangle A = (x;, x2, X3), or, more
precisely A = (x;, X2, X3, a;, a2, a3), where (x;, x2, x3) are three points,
(a1, a, a3) are unoriented geodesic segments connecting x, and x3, x3 and
X1, X; and x,. Denote |A| = (L(a;), L(a2), L(a3)). Two triangles A and A

in two length spaces are equivalent if |A| = |A|.
Suppose A and A are equivalent triangles in length spaces M and N. We
say that A is thinner than A if the following is always true. (See Figure 2.)
Suppose that M is a length space such that any small triangle in M is thinner
than its equivalent triangle in H?¢, ¢ <0, then M is said to be a space with
K < ¢. Call a simply connected space with K < 0 a Hadamard space.
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FIGURE 2

2.2. The ideal boundary.

2.2.1. Proposition. Let X be a Hadamard space. Then for any two geodesics
a(t) and B(t), f(t) =d[a(t), B(1)], t € R, is convex. See [Gl, §4].

For a Hadamard space X, any geodesic R — X is an isometry, two points
can be joined by a unique geodesic segment. These are seen by 2.2.1. Two
geodesics a(t) and B(¢) are said to be asymptotic if d[a(t), B(¢)], t >0, is
bounded.

2.2.2. Proposition. Let X be a Hadamard space x € X, a(t), t > 0, a
geodesic ray. Then there is unique geodesic ray from x which is asymptotic to
.

Proof. Uniqueness is seen by 2.2.1. Consider for any T > 0 the geodesic
segment fr. (See Figure 3.)

Take any sequence (7;) — +oo. Since Sx(1) is compact, there is a subse-
quence (7},) C (T;) such that Br, (1) is convergent. In the same way, there is a
subsequence (73,) C (7;,) such that fr, (2) is convergent and so on. Then
we have subsequence (7;,) C (7;) such that ﬂTl,(k) is convergent for any
k =1,2,3,.... Then Br, — B pointwise. Note that if a collection of
geodesic segments converges pointwise to a curve, that curve must be a geodesic
segment. So B(¢), t > 0, is a geodesic ray. (See Figure 4.)

By 2.2.1, d; < L, i —» +oo:d[a(t), B(t)] < L, t > 0. In conclusion
limy_, fr = B pointwise and S is asymptotic to a. This completes the
proof.

Consider a Hadamard space X . An asymptotic relation is an equivalence
relation for geodesic rays. The collection of asymptotic classes is denoted 9.X .
Consider any z € 0X. Taking any x € X, and any r > 0, y € Si(r) is the
point between x and z. Take any neighborhood S of y in S,(r). Consider

X

Br

T

o 4L

FIGURE 3
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FIGURE 4

FIGURE 5

all geodesic rays from x though S and we have 8 C dX. Take any set
A of X containing 9. Define X, = {4}. If the following are true for
{Z;, z € X}, then we have unique topology for 8 X such that {Z,, z € X}
are neighborhoods.

(1) AeX,=>z€A.

(2) A,BeX,=ANBeX,.

(3)y ACB,A€X,=>BeX,.

(4)VAeX,,dUC A, UeX, suchthat Vwe U, UeX,.

Note that the second condition needs verification. The following lemma does
the job.

Let X be a Hadamard space, z € 90X, x € X, « is the geodesic ray from x
to zX, r>0, y € S¢(r) is the point between x and z, S is a neighborhood
of y in Sy(r) and 8 C X is the collection of geodesic rays from x through
S . And the same is true for %, &, 7, j, S, §. Take any a € X; f is the
geodesic ray from a to z. For / > 0, b is the point in S;(a) between a and
z. The collection of points in S;(a) that are between a and d Nd denoted
N.

2.2.3. Lemma. There is | such that N is a neighborhood of b in S,(l).

Proof. Suppose no / can be found. Then we may suppose that for each / > 0,
«; are geodesic rays from x through S,(r) — S, f; are geodesic rays from
a through b; € S,(I), b; = b, o; and B; are asymptotic. Since spheres are
compact, we may well suppose that a; — a,0, Bi — Bi pointwise. Then
@400 i a geodesic ray from x through Sy(r) —S°, B.o is a geodesic ray from
a through b, a,. and B,z are asymptotic. (See Figure 5.)
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FIGURE 6

In particular d[a,oo(?), B(1)] < L, 0 <t < /. Choose /; —» +oc and
consider a,.., j. Again we may well suppose that a,., j — y pointwise.
Then y is a geodesic ray from x through Sy(r) —S°. And d[y(¢), B(1)] < L,
t >0. Since a and B are asymptotic, y and a are asymptotic. (See Figure
6.)

This is impossible by 2.2.1.

2.2.4. Proposition. Suppose X is a Hadamard space.

(1) For geodesic rays a; and o, a; — « pointwise if and only if a;(0) — «(0)
and a;j(+o00) — a(+00).

(2) For geodesics a; and o, a; — a pointwise if and only if «;(0) — «a(0),
aj(+00) = a(+00), aij(—oc) = a(—o0).

(3) 0X = lim S(r).

2.3. We now list some conclusions from [Hu, 4.2-4.5], where details can be
found.

2.3.1. Proposition. Suppose M is a compact space with K < 0 such that there
is no totally geodesic S'(r) x [0, l] immersed in M . Then for any constant C,
the following is a finite set:

{periodic geodesics with periods < C}.

Suppose X is a Hadamard space. f(t) = (e'+e~")/2. Consider X xR. For
any curve in X xR, a(t) x B(t), 0 <t <1, define its length by the following
Sformula, which can be understood as the maximum of discrete sums.

1
L= [ s o wp + pwpde.

2.3.2. Proposition.

(1) X x R is a Hadamard space.

(2) X x0C X xR is totally geodesic.

(3) x x R is totally geodesic, x € X .

(4) For any isometry a, o x 1d is isometry.

(5) If a x B is geodesic, Imagea C X must be geodesic.

(6) For any geodesic o of X, a xR is totally geodesic and is isometric to the
standard H? .
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3. THE SPACE OF GEODESICS
This section lists some conclusions from [Hu, §5], where details can be found.

3.1. Definition. Suppose X is a Hadamard space. Define G(X) = {R - X
isometry}. The following metric to G(X) appears in [G1, 8.3].

de )= [ " dlo(r), p(1)]- e at.

We will call this the geodesic metric. R naturally acts on G(X), defining the
geodesic flow. For a geodesic a(t), 7 € R, the action produces a geodesic
a(t + 7). The distance between these two geodesics is 2|z .

3.2. Theorem. Let X be a Hadamard space and G(X) the space of geodesics.
Then for any two sequences of geodesics «; and B;, d(a;, Bi) — 0 if and only
if dlei(t), Bi(H)] = 0, VI eR.

3.3. Definition. Suppose M is a space with K < 0. Define G(M)={R - M
local isometry}. Suppose X — X/I' = M is the universal covering. G(X) —
G(X)/T" = G(M) 1is a universal covering. From the geodesic metric of G(X)
we get the geodesic metric of G(M). R acts naturally on G(M), defining the
geodesic flow.

3.4. Corollary. Suppose M is a space with K < 0 and X s the universal
covering. a(t), B(t) are geodesics in M and &(t), B(t) are lifings of o(t),
B(1). Then d(a, B) < d(a, B).

3.5. Proposition. Suppose M is a space with K < 0, «af(t) and B(t) are
geodesics. Then

2d[a(0), B(0)] -4 < d(a, B) < 2d[a(0), B(0)] + 4.
Suppose X is a Hadamard space. Recall the Busemann function B =

B(a, x), where a should be a geodesic and x € X . (See Figure 7.)

Li=t+B+¢, Ilime¢=0.

t—+00

The Busemann function is continuous with respect to o and x. See [Hu, 4.3].

3.6. Theorem. For a Hadamard space X, the following two conditions are
equivalent.
(1) For any two asymptotic geodesics o and B, d(Imagea, Image ) =0.

X

0 t
FIGURE 7




790 BIZHONG HU

(2) For any two asymptotic geodesics o and B, in G(X),
lim d{t-a, [t+ B(a, f(0))]- 8} =0.

T—+00
In fact the term on the left-hand side must monotonically decrease to zero.

3.7. Definition. Suppose M is a space with K < 0 such that its universal
covering satisfies the above conditions, then we say that the geodesic flow of
M, G(M), is weakly Anosov.

3.8. Theorem. Suppose M is a compact space with K < 0 such that there is
no totally geodesic R x [a, b] immersed in it, then the geodesic flows of both M
and M xR are weakly Anosov. Or suppose M is a space with K < ¢ <0, then
the geodesic flow of M is weakly Anosov.

4. THE SPACE OF RAYS AND NEAR HOMEOMORPHISMS

Let X be a Hadamard space. Define R(X) = {[0, +o0) — X isometry}.
We have an obvious 1-1 correspondence R(X) < X x 8X . The topology of
R(X) is defined by this identification. Let M be a space with K < 0. Define
R(M) = {[0, +00) — M local isometry}. Suppose X — X/I' = M is the
universal covering of M. Then R(X) — R(X)/T" = R(M) is the universal
covering of R(AM), which defines the topology of R(M). Then R(M) — M is
a fiber bundle with fiber 6 .X .

For a space M with K <0, r >0, we also define R,(M) = {[-r, +o0) —
M local isometry}. It is left to the reader to verify that G(M) = lﬂl R, (M).

We will now investigate the possibility of approximating the canonical map
G(M) — R(M) by homeomorphisms. First we review two theories of near
homeomorphisms in topology.

Let M" . N" be a continuous proper surjective map between n-manifolds
N having a metric. f is a near homeomorphism if for any continuous map
M 5 (0, +00), there is homeomorphism M £ N such that d(fx, gx) <
e(x), x e M. f is a cell-like map if, the inverse of any point of N by f, is
contractible in any neighborhood of itself in A .

4.1. Theorem (L. C. Siebenmann [Si]) (n > 5). f is a near homeomorphism
if and only if it is cell-like.

A result of M. Brown in [B] says that the inverse limit of near homeomor-
phisms of compact metric spaces is a near homeomorphism. We shall generalize
this result for a noncompact case. A sketchy proof is included. First we de-

fine a measure to be any continuous map X = (0, +00). A map X ER Y,
Y having a metric, is a near homeomorphism if for any measure ¢ of X,

there is homeomorphism X £ Y such that d(fx, gx) < e(x), x € X. And
f is a homogeneous near homeomorphism if for any constant ¢ > 0 there is
homeomorphism X % Y such that d(fx, gx)<e, Vxe€ X.

4.2. Theorem. Consider X, Lx 1 L X, « ---, where X; are locally com-
pact metric spaces and f; are continuous proper near homeomorphisms. Then
fifa--- = f is a homogeneous near homeomorphism.




A PL GEOMETRIC STUDY OF ALGEBRAIC K-THEORY 791

Proof. (1) Suppose that X 1, ¥ is a continuous map between locally compact
metric spaces and ¢ is a measure for Y. Then there is a measure 6 for X
such that
d(x,y) <dé(x)=d(fx, fy) <e(fx).
(2) Take any constant ¢ > 0. We can find homeomorphisms g; : X; — X;_,
and measures a; for X; such that

d(gi, - 8i-1fi> &y &) < a;.
We may assume that a; < ¢/2/~!. There are measures b; for X; such that

X,yeXi, d(xay) Sbl(x):d(ﬁoﬁx’ f;of;y) < l/l’
(3) We can further assume that
= 1
Z 4 fres1 Jirz - < ibiﬁﬂfiﬂ e
k=i+1
Write a,~f,~+1 e = 2§ and b,'ﬁ+1'~' =5,'.
(4) In conclusion, we have homeomorphisms g; : X; — X;_; and measures
g; for X, such that

d(giy - &i-1fi> 8y &) fir1fisz- - L&
and Y0 ¢ <e.
We also have measures d; for X, such that

d(fis1fivz- X, finrfisa- - y) S 6i(x) = x =y,
and we have the relation
> 1
Z & < 56,

k=i+1
(5) Consider g;---gi—1fifi+1--- . It has limit which is denoted as g, 8> .
It is a homeomorphism and d(fif,--- , g1&---) <e.

4.3. Now go back and consider a space M with K < 0. Assume the following
additional conditions:

(1) For x € X, the universal covering, r >0, E,(r) = E", n>3.

(2) For x € X, 0 < r < R, the canonical map Sy(R) — Sx(r) is a near
homeomorphism.

Since X = glr__n Sx(r) by Proposition 2.2.4, dX = S"~! by Brown’s the-
orem. Then R(M) is a fiber bundle over the manifold M" with fiber S"~!.
In particular R(M) is a (2n — 1)-manifold, and the same holds for R,(M),
r € R. Note that for x € X, 0 <r < R, Sx(R) — Sx(r) must be cell-like.
We see that Rgr(M) — R,(M) is continuous, proper, surjective and cell-like.
By Siebenmann’s result, Rg(M) — R,(M) is a near homeomorphism. But
G(M) = !ln R,(M). By 4.2, we get the following result.

4.4. Theorem. Suppose that M is an n-manifold with K < 0 and suppose
condition 4.3. Then G(M) — R(M) is a near homeomorphism.

5. THE CONTROLLED A-COBORDISM THEOREM

Suppose W is a manifold with boundaries M and N,and M - W, N —
W are homotopy equivalences. Then there are p,,q,: W - W, 0<¢t< 1,
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strong deformations of W to M andto N. Set p =p;, : W — M. Also
suppose that everything is trivial outside a compact set of M. W is called
an h-cobordism. The following curves in M are called associated curves of
W:pop(x), 0<t<l, xeW, pogq(x), 0<t<l, xeW.

Suppose BC M, B x [0, 1] 2w isan embedding such that P|g.o =1d,
P(Bx1)= N, P(Bx(0,1))c W°. P is called a product structure for W
over B. The following are associated curves of P : pP(x,t), 0 <t <1,
XE€B.

Let d be a metric of M . Then the maximum of the diameters of associated
curves of W is called the diameter of W . That of P is the diameter of P.

5.1. Theorem (T. A. Chapman and S. Ferry [CF], F. Quinn [Q1]).

(1) Suppose M" is manifold, n > 5, d is metricon M, A,B C M are
compact, U is a neighborhood of A in M. Then given ¢ > 0 thereis 6 >0
such that the following is true. For any h-cobordism W over M, with product
structure P over U and diam(W) < 6, diam(P) < &, there is a product
structure Q for W over AU B such that Q| 4= P, diam(Q) <e.

(2) Suppose E = M is a fiber bundle, diim(E) > 5, the fiber F is a compact
manifold such that Wh(m,F xZ¥)=0, k=0,1,2,.... Substitute A, B, U
by n='A, n~'B, n~'U, consider h-cobordisms over E, measure diameters in
M . Then (1) is still true.

6. STRATIFIED DECOMPOSITIONS FOR TOPOLOGICAL MANIFOLDS

We will be using topological transversality. For the concept of microbundle,
see [Mi]. For the concept of microbundle transversality, see [KS, p. 91]. Sup-

pose X 1is a metric space and X x [0, 1] # X is a continuous map, Hy=1d,
then define
Supp(H) ={xe X : Hx #x}, r(H)x)= 0rnaxl d(x, H;Xx).

<<

According to study of Kirby and Siebenmann in [KS, p. 91] and to recent
study of Quinn in [Q2], we have the following result.

6.1. Theorem. Suppose that M is a manifold, X C M is a closed submanifold,
Y C M is a closed submanifold with normal microbundle v, A, B C M are
closed sets, and X is transverse to v near A. Then there is an ambient isotopy
H, such that H\(X) is transverse to v near AUB . H, is small and its support
is in a small neighborhood of B and outside a small neighborhood of A .

6.2. Theorem. Suppose that M is a manifold, X, Y, A are closed sets, X — A
and Y — A are submanifolds, Y — A has a normal microbundle v. Take any
continuous map M < (0, +o00) and any open neighborhood U of X in M.
Then there is an ambient isotopy H with the following properties:

(1) Supp(H) C U,
(2) r(H) < e,
(3) Hl4=1d,

(4) H\ (X — A) is transverse to v .

Proof. Figure 8 indicates our idea which I heard of from L. E. Jones during a
discussion.
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FIGURE 8

First separate (0, +o0) into I} =[1, +o00), I; =[1/i, 1/i—1]. For each I;,
take an open interval J;, I; C J; C (0, +o0) such that JiNnJ; #@ & |i—j|<1.

Define f(x) =d(x,A): M — R. Note that f(x) is continuous, f(x) =
0 xeAd. Write f~1(I )nX A, f~YIHNNU =U;.

Take any i € {1,3,5,...}, apply the above-mentioned theorem of Kirby-
Siebenmann-Quinn in M - A , we have

H': Ambient isotopy in M — A,
Supp(H') C U;,

r(H') <min(1/i, ¢/2),

H!(X — A) near A; is transverse to v.

Now Supp(H') ¢ M — A4 closed, Supp(H') c U; c f~Y(J;) c f~Y(J)),
Supp(H') ¢ f~'(J:), o ¢ Ji, f7'(J)) € M — A, Supp(H') C M — 4,
Supp(H?) = Supp(H'), Supp(H') C M is closed. So H' is trivially extended
to M . We still denote the extension as H'.

Consider H = H'H3HS .- . We want to show that H is an ambient isotopy.
In fact the following two arguments are enough to do so. Argument 1: Suppose
() c [0,1}, ¢, = ¢, (x;)) C M, x;, > x € A. Then for any finite union
US'IL), x; will leave it eventually. We see that d(x;, H,(x;)) — 0. So
]?,,.(x,-) — x. Argument 2: Fix ¢t € [0, 1]. Suppose (x;) Cc M, x € A,
H,(x;) — x . Suppose there is B = f~'(J,)u---U f~(7,) from which (x;)
does not eventually leave. Since H;|p is a homeomorphism of B, we see that
x € B. This is impossible. So (x;) does leave any finite union (Jf~!(J;)
eventually. So d(x;, H/(x;)) — 0 and x; — x.

Forany i€ {2,4,6,...}, again apply 6.1 in M — 4. We have

H': Ambient isotopy in M — A,

Supp(H') C H,(U;)-neighborhood of H,(A,_)-neighborhood of H,(As1),

r(H") < min(1/i, ¢/2),

Hiﬁl(X — A) is transverse to v near H,(A;).

Again Supp(H') C M is closed and H' is tr1v1ally extended to M. H =
H2H*H®-.. . It is an isotopy of M. H = H = H. This is what we want.

6.3. Definition. Let M be a manifold. Suppose that M D X D X; D --- D
X, D ¢ is a finite descending series of closed sets, X; — X;;,, 0 < i <k,
are submanifolds of M, and dim(X; — X;,,) is nonincreasing, then call X a
stratified set. Denote dim(X) = dim(X — X;). If all X; — X;,, have normal
microbundles, then say that X has a normal microbundle.
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6.4. Definition. Let M" be a manifold, {X} is a collection of stratified sets.
They are said to be in general position if for any {X, ..., X} C {X}, ﬂf;l X;
is inside a stratified subset Y of some X, , with

dimY < dim(X;) + - + dim(Xy) — (k — D)n.

6.5. Lemma. Let M be a manifold, X, , ..., X be stratified sets with normal
microbundles, and X a closed submanifold. Then there is an ambient isotopy,
small and concentrated near X , and a stratification of X such that X becomes
in general position with any stratified subset of any X;. If X has a normal
microbundle then the stratification also has a normal microbundle.

Proof. Collect in ascending order all dimension zero stratified subsets of X,
then X;, ... and lastly X, . Then do the same thing in dimension one, and so
on. Denote the final collection as Y, Y>, ..., Y;.

Take Y. If XNnY, =@, thengoonto Y;. Suppose X NY; # @. Apply
6.2 and we may assume that X NY;, = Z,, Z, € X is a submanifold with
normal microbundle, dim(Z,) = dim(X) + dim(Y;) — n. Suppose Y;---Y; are
handled and we obtain stratification X > Z; >--- > Z; D @, where Z; — Z; _,
are submanifolds with normal microbundles in X, XNn(Y;U---UY;) = Z;
dim(Z;) = dim(X) + dim(Y;,) —n. Consider Y;;;. If XNnY;,, Cc ;U---UY;,
thengoonto Y;,,. Suppose XNY;,; ¢ YU---UY;. Note that XY U---UY; =
X-Z;, Y1 =Y U---UY; is a submanifold with normal microbundle in M .
Apply 6.2 and we see that we may assume that

X-hu---uY)n¥iu -Y1U---UY;) =4,
A is a submanifold with normal microbundle in X, dim(4) = dim(X) +
dim(Y;;;) —n. Note that ANZ; =2, XN(Y1U---UY;UYy) =Z;UA.
Define AUZ; =Z;,,. Finally ¥, can be handled.

6.6. Theorem. Let M be a manifold, each Z; be a finite collection of stratified
sets with normal microbundles in general position, 1 < i < k, and X a closed
submanifold. Then there is an ambient isotopy, small and concentrated near X ,
and a stratification of X such that ;U {X} is in general position, 1 <i<k.
If X has normal microbundle, then the stratification also has one.

Proof. Consider X; U---UX; and X . Apply 6.5.

6.7. Let M" be manifold, {E"} alocally finite collection of cells. Assume that
for any {S;, ..., Sps1} C {Si} ={0E"'}, S1N---NS,4 = @: For example,
we can apply 6.6 to put {S;} in general position. Consider {M —E”}U{Int(E}")}
and take some sets from it to obtain an intersection. Let {U} be the collection
of smallest but nonempty intersections. We have M — |JS; = ¢ U, where |4
is the notation for disjoint union. Each e = U is defined to be an #n-cell. Note
that de C US;. Take any {Si, ..., Sk} C {Si}. Write M —U,,; ;S into,
in the same way, M -, Si=WU. Each e =§,n---NS§;NU is defined
to be a cell with dim(e) = n — k. Denote UN' =US;, UN* = U, SinS;,
and so on.
Sin---NS, — U Si=t|'JS|ﬂ"'ﬂSkﬂU,
ik

k+1

Sin-nSe—=JN=Wsin---nSnu.
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Note that for any e = S\n---NS, NU, de C Uﬂk“. And we have

UnN*-un®! = We, all (n— k)-cells. We have obtained, in the following
sense, a stratified decomposition for M .

6.8. Stratified decompeositions. Definition: M" = | e. Each e is assigned an
integer as dimension, 0 < dim(e) < n.

de C U é.
dim(é)<dim(e)—1
And {e} is locally finite.

7. A C° FOLIATED CONTROL THEOREM

In this section we shall establish a long thin stratified decomposition and
prove a topological foliated control result, that is the topological version of a
smooth foliated control result of Farrell and Jones in [FJ1, §§6-8]. This result
can handle the geodesic flow G of any PL manifold with K < 0. As we see
in §1, there is geodesic singularity in this case. Because of that G is not local.
So it is hopeless for G to have PL or C**° structure, it is just a topological
foliation.

7.1. Suppose M is an n-dimensional manifold with metric and with a unit
speed 1-dimensional foliation structure and X C M is a compact set such that
any leaf intersecting X has length > /.

Split neighborhood: Suppose E"~! is a transversal section, Vx € E*~! there
is a compact interval I, in a leaf and suppose that I, is continuous. Then, for

convenience, denote I x E"! =, cpn Ix .
For any interval I = [a, b] = (a+b)/2+[ (b-a)/2, (b-a)/2], r >
0, denote I(r) = (a+ b)/2+[-(b—-a)/2-r, (b—a)/2-r]. Take a finite

collection of split neighborhood {I x Er-1} such that length(/) = / for all
I and {I(1/40n) x E"~'(1/2)} covers X . Also assume that for any two in
{I(1/2) x E""'}, the intersection is some split set P x Q =, ¢, Px

We want to reconstruct {/(1/40n) x E"~'} by induction. The following are
by induction hypotheses:

(1) {4 x B} are finitely many split neighborhoods constructed out of

{I;(1/40n) x EP~', ..., I;(1/40n) x E''} C {I(1/40n) x E"~'}.

(2) length(A4) <//4 forall 4.

(3) Take any leaf of M and consider the intersections of {4 x B} with the
leaf. Any two different end points have distance > //40n.

(4) Each B of {A x B} can be shrunk to B such that {4 x B} covers
1,(1/40n) x E'~'(1/2) U---U L;(1/40n) x E'"'(1/2).

Take 1(1/40n) x E"~! € {I;;,(1/40n) x E,"H1 , ... }. Put a triangulation on
E" I Consider any simplex A and any 4 x B € {A X B} I(1/2) x Er-I'n

A x B # @. A is canonically mapped to B. Take a cell B between B and

. (See Figure 9.)

We can require the triangulation to be so fine that if Image(A)N B # @,
Image(A) C B°. Thicken up A to F"~! such that if

Image(A) C B®, Image(F"™') c B°
and if Image(A)NB = @, Image(F""')nB=0.
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7.2. Lemma. Consider RxR"™!, D"~ represents an open disk. {IixD;’“} is
a finite collection of split neighborhoods such that in any leaf R, any two different
end points of {I;x} have distance > d. I x E"! is a split neighborhood, r =
length(I) > d. E""' is canonically mapped into D'~", Vi. Then when E"~!
is small enough, there is a split neighborhood J x E"=' such that I x E"~! C
J x En=' C I(r+ 8d/r) x E"~' and that {I; x D?"'}U J x E""! still has the
property of {I; x D'"'}.

Proof. (See Figure 10.) Note that when E"~! is small enough the following is
true. Either there is no end point of {/;;} in the closed interval a,, Vx € E"~!:
Then take the midpoint of oy, x € E""!. Or an end point of [;, is in
the open interval B,, Vx € E""!: Then take it. Do the same thing at the
other side of I. For each x € E"~ 1 , the two points chosen form an interval
Jo I XE"™ = cpna Jx. O

Take any k-simplex A with thickening F”~!. Consider I(10k + 2/40n)
x Fn=1_ If Image(A)NB = @, VA x B € {4 x B}, then pick J x Fr~! =
I(10k +2/40n) x F"~ ! Suppose {C x D} is the collection of those 4 x B €
{A x B} such that Image(A) NB =a. Apply 7.2 with {C x D%}, d =1/40n,
and with 7(10k +2/40n) x F*~!. We get a split neighborhood J x F"~! such
that

I(10k +2/40n) x F*' ¢ J x F"=1 ¢ I(10(k + 1)/40n) x F"~!

and that {C x 50} UJ x F"=1 has the property (4) of the induction hypotheses.
Treat all simplices.
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It is left for the reader to check that {4 x B} U {J x F"~!} satisfies the
induction hypotheses.

7.3. Conclusion.

(1) {4 x B} are finitely many split neighborhoods.

(2) length(A4) < [/4, for all A4.

(3) Take any leaf of M ; consider the intersection of {A4 x E} with the leaf.
Any two different end points have distance > //40n .

(4) Each B of {4 x B} can be shrunk to B such that {4 x B} covers X .

For each 4 x B € {4 x B}, construct a split neighborhood [~/ /4,1/4] x B
such that 4 x B and [-//4, [/4] x B have the same interval centers. We
shall assume that the intersection of any two of {[—//4,[/4] x B} is some
split set P x Q = UxeoPx . For each [-//4,1/4] x B, cover B by very small
cells: We see that the following can be assumed. For any [-//4,] /4] x B,
[-1/4,1/4] x D e {[-1/4,1/4] x B} [-1/4,1/4] x Dn[-1/4, [/4]xB # @,
consider the canonical map between D and B, Image(D) N B # @, then
Image(D) C BO. 1t is left for the reader to apply Theorem 6.6 to establish the
following additional condition.

(5) Take any [—//4,1/4]x B € {[-1/4,1/4] x B}. {[-1/4, (/4] x D} is the
collection from {[-//4,1/4] x B} such that Image(D) N B # & in the above-
mentioned sense. Then in B°, 9B + {Image(D)} is in general position, for
which we mean Definition 6.4.

7.4. We now arrange |J 4 x B into a long thin stratified decomposition.

Transversal cells. ¥x € |J0Ax B . Denote the union of those in {4 x B} that
contain x as Uy . Denote by {C x D} the collection of those 4 x B € {4 x B}
such that Ax BNUy # @. Assume that x € B € {0AxB} = {0A*xB, A~ x
B}. Project {D} into B°. Denote {Image(D)} = {Er"}y. {Si} = {0EM"}
is in general position in B°. These are by 7. 3(5).

Consider the stratified cell e that contains x. Recall how this cell is con-
structed following 6.7: x € S1N-- NSk —U;py, .k Si* -B° Ui, xSi=WU,
see 6.7. Take U, x € U. Then e=S.n~--nSkﬂU dim(e )—n k—1. Fix
any y € e. Suppose CxD € {AxB}, x € CxD. Then Image(D) € {E""'},
x € Image(D). So e C Image(D). We see that y € C x D. On the other
hand assume that C x D e {4 x B}, ye CxD. Then CxDNU, # &. So
Image(D) € {E"'}, y € Image(D). So e € Image(D). Then x € C x D. We
see that Uy = U, . So we produce for y the same {Ei"“} , and hence the same
e. We have |JO0A4 x B =He.

Consider any y € de. Take any C x D € {A x B}, x € C x D. Then
Image(D) € {E{'“}, x € Image(D). Then e C Image(D) and e C Image(D).
We see that y € C x D, so Uy C U,. We conclude that more than, or at least
the same, {E}'"} are produced for y. On the other hand, x € S;N--- NS} —
Ui;él,...,kSi’ yesSin.--NSgNSiyr- So dlm(ey) <n-k-2. UaA xB=\e
is a stratified decomposition in the sense of 6.8.

Flow cells. ¥x € |JA x B—-|J0A4 x B. Take a nearest end point z from
x of {A x B} in the leaf of x. Denote the union of those in {4 x B} that
contain x as Uy,. {C x D} is the collection of those 4 x B € {4 x B} such
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that A x BN Uy, # @. Assume that z € B € {04 x B} . Project {D} into B°.
Denote {Image(D)} = {E}"'}-{S;} = {0E}'}, ze€ Sin-- NS —U;py 1 Si-

BO—Ui#l,...’kSi =U. Pickout U, z€ U. Denote b =S8 n---S,NU.
Denote the intersection of those in {4 x B} that contain x as P x Q. For
convenience, identify Q in B°. Then Q is the intersection of several E{"l €
{E{"l} that contain z. So b C Q, Yw € b, define a, = P3. axb is defined
to be a flow cell. Designate dim(a x b) =n—k.

The following are true: |JA4 x B —|J0A4 x B =a xb. b is covered by
transversal cells with dimensions <n—-k—1. axdbn|JIdA x B is covered by
transversal cells with dimensions < n—k—2,and axdobn(J4AxB—-|JoAxB)
is covered by flow cells with dimensions <n -k — 1.

Long thin stratified decomposition. So | JA x B = |felta x b is a stratified
decomposition in the sense of 6.8.

7.5. We now collect lemmas to be used for the foliated control result. Suppose
M is a manifold with a 1-dimensional foliation structure and a metric. «(f),
0<t<l,isacurvein M, | and a are positive numbers, and I is a leaf
segment of the foliation such that length(/) </ and d[a(?), I1<a, 0<t<L.
Then we say that the curve has diameter < (/, a). If there is a collection
of curves such that every curve has diameter < (/, a), then we say that the
collection has diameter < (/, a). If W is an h-cobordism over M and P is
a product for W, then their diameters are those of their respective assoliated
curves.

7.5.1. Lemma. Let d and D be unit speed metrics on foliated M. X C M
compact, | > 0. Then for any € > 0, there is 6 > 0 such that for any collection
of curves {a} in X which is (I, §)-controlled, i.e., diameter < (I, d) in terms
of d, {a} is (I, &)-controlled in terms of D .

Proof. Suppose this is not the case. Then we have intervals in leaves I; and
Xxi, d(x;, I;) < 1/i,but D(x;,1;)>¢, i=1,2,3,.... I; and x; arein a
compact set. We may well suppose that x; — x, I, —» J. Then d(x,J) =
0:xeJ.But D(x,J)>¢e: x¢J. This is impossible.

7.5.2. Lemma. Consider Rx M "M Rx M, | >0, M a metric space.
Then for any collection of curves {a} in R x M which is (e, a)-controlled,
(I1d xId){a} is (el, max(1,[)-a)-controlled.

Proof. Recall that for (u, x), (v,y)EeRx M,

\/12|u—'u|2+d(x, y)?2 <max(1,1/)- \/|u—v|2 +d(x, )%

7.53. Lemma. I = [-1,1], n > 5. Let M"™' be manifold, A,B c M
compact, Ag compact with neighborhood A. Then for any €, a > 0, there are
6,b >0, where 6 depends only on n and ¢, such that the following is true.
For any h-corbordism W over R x M with product structure P over I x A
such that d(W) < (6, b), d(P) < (9, b), there is a product structure Q over
Ix AgUI(1/2) x B such that Q| x4, =P, d(Q) < (e, a).

Proof. Cover AgU B by a compact simplicial complex K . Make sure that any
simplex that intersects Ag is inside 4% = Int(4). And for any simplex A with
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thickening 7, if AC A%, T c A%, if ANAY # @, TNnAy=@. We now
construct Q. Suppose 0, 1, ..., i~ 1 simplices are treated. For an i-simplex
A with thickening T ,if A C A%, take P|;x7. Suppose ANAY # & . Consider
the statement 7.5.3, substitute B by T, I by I(1 - (i — 1)/2(n — 1)), and
I(1/2) by I(1 —i/2(n—1)). This is equivalent to the following special case.

Denote I =[-1, 1], I*¥ = X, I, I*(r) = X, I(r). Special case of the lemma:
M=R"", A=(I'-T'(1/2)x 1",
Ao =(I'=I'(3/4)) x I""'71(1/2), B =1I'(3/4) xI""""!(1/2),

but the metric on R”~! is any metric. Apply 7.5.1 and we may assume that the
metric on R"~! is standard. Then [FJ1, Proposition 6.6] implies the lemma in
this case.

7.5.4. Lemma. Lemma 7.5.3 is still true when we substitute I x A for I x AU
(I-1(1/2))x M, I x Ay for I x AgU (I —I1(3/4)) x M and 1(1/2) x B for
I(3/4) x B.

The proof similar to the above one is left for the reader. We now establish
the foliated control result.

7.6. Theorem (n > 5). M isan n-manifold with metric and with a unit speed
1-dimensional foliation structure, X C M is a compact set such that any leaf
intersecting X has length > |. Then for any e¢,a > 0, there are 6,b > 0,
where 6 depends only on n and ¢ such that the following is true. For any
h-cobordism W over M with d(W) < (él, b), there is product structure P
over X with d(P)< (el,a).
Proof. We shall continue to use notations {4 x B} of 7.3 and JA4 x B =
HelWaxb of 74. B B

Denote I =[—1, 1]. Denote {0A4x B} = {B}. First consider |JI(//100n) x
B° which is a subfoliation in M . Thicken up (JOA x B =|#Je in |JOA x B°.
(For each e there are K, and T, compact, K, C T, is a neighborhood, Je C
UK., dim(e) = dim(é) : 7,NT; = @.) Suppose 0, 1,...,i— 1 transversal
cells are treated and we have product structure over

/ -1
I (— <l - ————-——-—)) x T,.

d(e)LSJi_l 100n 2(n—1)
Take any transversal cell e, dim(e) = i. Assume that e C B C BY. Then we
have thickening T of e in B?. Apply 7.5.1 to change the m~etric on I(/7100n)x
B to a product metric. Apply 7.5.2 to shrink /(//100n)x B® by 1/100# in the
flow direction to I x BY. Then apply 7.5.3, in whose statement substitute / by
I(i/2(n—1)) and I(1/2) by I((i—1)/2(n—1)), to extend the product structure
over 1(i/2(n—1))x T . Apply 7.5.2 to expand I x B® back to 1(//100n) x B°.

And finally apply 7.5.1 to change the metric back to that on M. We have
extended the product structure over

) i
(5o (1= m)) <

In the end we get a product structure over |J/(//200n) x T .
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Consider flow cells. Suppose that R is a neighborhood of
\J1(/200n-1/8"yxB | ) axb

dim<i—1

and we have constructed product structure over R. Take any ax b, dim(a x b)
=i. Since b can be small, we can have I(r)x U, bc U=R""!, 1/100n <
r<l/s8,

(I(r) = I(r—1/200n-1/8~1.1/2)) x U C R.

axb—R%=ax b—RO is compact. Denote its projection to b as K C b. Take
a compact neighborhood N of K in U. Since K is compact, K C b and
N can be very close to K, the following can be assumed: I(r) x N is disjoint
from flow cells with dim <i—-1 and 04 x B; {I(r) x N} from all i-flow
cells are mutually disjoint. Take A9 C 4 C U, Ay and A compact, 4y C A4
is a neighborhood such that b C 49U N is a neighborhood and I(r) x A C R.
Apply 7.5.1 to change the metric on I(r) x U to a product metric. Apply 7.5.2
to shrink I(r)x U to I xU.

1 1 |
’“’"("’mw'z)

becomes
l 1 1 1
IJ(“?'W'ETT'E)’
/ 1 1 1 / 1 1 1
I"(l"?'zoon'si—l'§>31‘1<1_[?]’200n'8i—1’E)'

Note that [//r] is an integer between 8 and 100n . Apply 7.5.4 in whose state-
ment substitute I(1/2) by

) 1 1 1
’(“[?]‘W'F‘f)

1 1 1 11
’(“ [;_ ’M'F'EE) ’
to get a product structure over I x (4gUN). Apply 7.5.2 to expand I x U back

and I(3/4) by

to I(xU.
(] 1 1 11
"’(“ _?}'W'F'Ei)
becomes / | | L
Im"("’H'W'F'E'?)‘
Note that

q..r .t 11, 1 1
"17] 200n 8T 227 200n &

Finally apply 7.5.1 to change the metric on I(r) x U back to that on M. We
have product structure near

U1<l°ﬁ°%)><3 U axb.

dim<i
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In the end we get a product structure near X . Changes of control data during
the construction are clear. This completes the proof.

8. CHANGING h-COBORDISMS

8.1. Let M be space with K <0, a(t) curve in M, y(s) geodesic ray such
that «(0) = y(0). Consider universal covering X — X/I' = M. Lift a(¢) and
y(s) to &(¢) and P(s) such that &(0) = $(0). At a(t), draw the geodesic ray
asymptotic to 7(s). Express the result as &(¢) = §(s). For any two liftings the
results are the same up to an isometry in I'. So we can go back to M to get
only one result, denoted a(t)  y(s) .

Let W be h-cobordism over M, W 2 W and W % W be strong defor-
mations of W to M and to the other boundary, p =p, : W — M. Consider

W =RM)XyW = {(,x):7 € RIM), x € W, y0) =p(x)}.

It is a manifold with two boundaries, one called R(M). Take a point in w,
that is, aray y in M and a point x € W such that y(0) = p(x). We produce
the following two curves in W .

(p(px)* v, pix), 0<t<l1,
(p(qrx) x 7, qix), 0<t<lI.

All curves of the first kind form a strong deformation of W to R(M) and those
of the second kind form one to the other boundary of W . And everything is

trivial outside a compact set of R(M). So W is h-cobordism over R(M),
called the asymptotic lifting of W . )

8.1.1. Corollary. If a(t), 0 <t <1, is an associated curve of W, then {a(t)*
7,0<t<1:y€ RWM), y(0)=a(0)} are associated curves of W . If we go
through all associated curves of W, we get all associated curves of W .

8.2. Suppose X is a Hadamard space, x € X and z € X, then denote the
geodesic ray from x to z as y(x, z).

8.2.1. Proposition. Suppose X is a Hadamard space whose geodesic flow is
weakly Anosov in the sense of 3.7. a(t), 0 <t <1, is a continuous curve in X .

Denote by {a(¢)} the collection of curves, not necessarily continuous, in
G(X) such that ()| [0, +00) = ?(a(?), z) for some z € X . Then {7-a(?)}
has diameter < (/, ¢), where / is a constant and lim,, ., =0.

Proof. Let u be geodesic from «(0) to z € X, and v be geodesic from «(¢)
to z. Inspired by 3.6, we compare t-v and (t— B)-u, B =B(u, a(t)).
Note that the Busemann function depends only on rays. Consider

B(u, a(t)) = B(y(«(0), 2), a(t)), 0<t<L

Let a = a(z) and b = b(z) be its maximum and minimum, then (t— B)-u is
inside the interval I = [t —a, 71— b]-u. By 3.1, length(l) = 2(a — b). Let [
be the maximum of 2[a(z) — b(z)], z€dX.




802 BIZHONG HU

On the other hand,
+00
d(t-v, (- Bu) = dw(x+1), u(x +1 - B))-e ldx.

—0o0

—1+|B|

/ dv(x+1), u(x+1-B))-e dx
* —1+|B]|

=/ dlv(x+1),u(x +7—B))-e*dx when 1> |B|

= “’+|B|/ d(v(x +|B|), u(x + |B| - B))-e*dx

<e - elfl(dv(|B]), u(|B| - B)] +2).

Note that the second part of the above expression depends only on ¢ € [0, 1],
and z € X and is continuous. Denote its maximum as C.

Define 4 B .-
4w - { [o(x), u(x - >1 x> |B|,
dlv(|Bl), u(|B| - B)],  x<|B|.
Note that this function depends only on x € R, tef0,1] and z€9X. Itis

continuous and bounded. By 3.6, with respect to x, d monotonically decreases
to zero.

+00
/ dv(x+1), u(x+1—-B))-e dx
—1+|B]|
+00 +oo
=/ dx+1)-e ¥dx < dx+1)-e ¥ldx=f.

—1+|B] —00

Rx[0,1]x0X fr.t;2) R. f is continuous and, with respect to 7, monoton-
ically decreases to zero. Denote m(t) = max{f(z,t,z),t€[0,1],z€dX}.
By the following lemma whose proof is left for the reader, lim;_, . m(7) =
Let ¢(t) = e~ " - C + m(t). This completes the proof.

8.2.2. Lemma. Suppose Y is a compact topological space, R x Y .9 R isa

continuous map, with respect to 1, f monotonically decreases to zero. m(t) =
max{f(t,y),y €Y}. Then lim,_ o m(7) =

The following result is proved in the same way, plus 3.4 and 8.1.
8.2.3. Proposition. Suppose M is a space with K < 0 whose geodesic flow is

weakly Anosov. P is a compact topological space, and [0, 1] x P LB A s a
continuous map. Denote by {&(t)} the collection of curves in G(M) such that
&(t) [0, +00) = @(t, p) xy for some p € P, y € R(M), a(0, p) = 7(0). Then
{t-a(t)} has diameter < (I, €), where | is a constant and lim,_ & =0.

8.2.4. Proposition. Let M be a space with K < 0 and with condition 4.3,
G(M) ER R(M) the canonical map. Then for any ¢ > 0 there are © > 0,
lim,_o7 = +oo and homeomorphism G(M) 4 R(M) such that d(ta, 1) <e
forany a, e G(M), fa=gp.

Proof. Let X — X/T'= M be a universal covering. We have G(X) = G(M)
and R(X) 5 R(M). Fix t > 0. It will be determined. Let us impose the
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following metric on R(X), which generates the correct topology:

+00

d(a, p) =d[a(0), B(0)]+ dla(t+1), Bt +1)]-e7 1" dt
This is I'-invariant and we get a metric on R(M) (see [Hu, 5.6]). Apply The-
orem 4.4 and take homeomorphism G(M) % R(M) which is &/2-close to f.
Take any o, B € G(M), fa=gpB. Consider a, = fa=gf, B+ = fB, then
d(es, Bi) < €/2. Take 4., B, € R(X) such that d(ay, ;) = d(ay, By).
Extend 4., B, to &, B in G(X) such that 74 = o, =B, nté =14 =
ta, ntf=1B. So d(ta, 1f) < d(ta, tf), d(a,, B.) < &/2:
+00

d[&(0), B(0)] + dla(t+1), B(t+1)]-e M dt <e/2.

-7

d(ce, o) <d(ei, B = [ diat+o), B+l e e

" dla(t+1), B(t+1)]-e”Mdt <e/2.
- dla(t+1), B(t+1)]-e M dt

</ T (d1a(0), BO)]+24) - e~ dr

<(g/2+2t+2)".

Pick 7 = 7(¢) such that ¢/2 + (¢/2 + 21+ 2)e " < ¢, lim,,oT = +oo0. This
completes the proof.

8.3. We now proceed to prove the following result. Let M" be a compact
space with K < 0 and with condition 4.3 such that there is no totally geodesic
R x [a, b] immersed in it. Then Wh(m; M) =0.

By 2.3.2, there is a twisted product M x R. Take an h-cobordism W over
M x R. By 8.1, we have h-cobordism W over R(M xR). W is a lifting of
W. If W is a product, then x(S")-t(W) =0, x(S") = 1 + (=1)". Using
RxR=H?, 0H> =8t Ud°Ud~, we have decompositions

G(MxR)=G=G"UG'UG~

and

R(M xR)=R=R*UR"UR".
See [FJ1, §2], and [Hu, 6.3]. Clearly, W = W+ UuWOoUuW~-, W+U W0 is an
h-cobordism over R* U R?, a fiber bundle over M x R with fiber E"*!. If
W+UW? is a product, t(W)=0.

So consider W+ U W9. By 3.8, G is weakly Anosov. Results 8.1.1, 8.2.3
and 8.2.4 together imply that there is / > 0 such that for any ¢ > 0 there are
7 > 0 and homeomorphism G+ U G® £ R* U R such that the A-cobordism
1g~'(W+U W% over G+ UG® has diameter < (I, ¢). By [FJ1, Lemma 3.8],
we need only consider h-cobordism W over G with diameter <, &), where
I is constant and ¢ is very small.
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Periodic geodesics in M xR arein M xO = M. By 2.3.1,in M the number
of periodic geodesics {S'} having periods < L is finite. Consider the foliated
control result 7.6, let L =//d(n, 1), and we can have product structure over
G| mxi=r,n—US! with diameter < (L, 1). Extend the product over |JS'. In
conclusion, W over G has product over G| (-, the diameter of W, and
the diameter of the product over G| prx(—r, —1jup1,r have a bound C which is
independent of r.

Let G LR be the canonical map, G > M xR, R 5 M xR, be projections.
Take homeomorphism G % R such that d(ng, n) < 1 and that

8G| Mxi—r,n D Rl mxi—r+1,r=17s &G mxi=—r,—1ju11,1 D Rl Mx=r+1,-21012,r—1]

g(W) is h-cobordism over R with product over R|prx(—r+1,,—1. Since
2d(n,mn)—4 <d by 3.5 where 7 is G5 M xR, d(n,n) < 1d +2, and
since d(ng,n) <1, d(ng,ng) < %d+4. So the diameter of g(W), and the
diameter of the product over R|prx(—r+1.-2up2,-—1] are bounded by %C +4 in
MxR.

So we just consider A-cobordism W over R with product P over R| Mx[=r,r]>
the diameter of W, and diameter of P over R| Mx{+r} measured in M x R
have a bound C which is independent of r. C and r are not those in the
preceding paragraph. Consider for example R| /(. +o0) - Suppose a(t) x (1),
0<t<l,isacurvein M x[r, +oo) with length L.

1
L= [ R ok +|gopd,
0

t -t
Sy =2 +2e >t, 120,

1
L> [ e P+ g P

- \/|a'(t)12+|f’—',(i)

Consider (Id x11d) o7 : R| pxpr,4+00) = M X [r, +00) = M x [1, +00). The
diameters measured in M x [1, +00), with product metric, have a bound }C .
Let r be large. Also note that (Id x}ld) om 1is a fiber bundle with fiber S”.
By the ordinary control Theorem 5.1, P can be extended. This completes the
proof of 8.3.

It is left for the reader to check that instead of M , we can consider M x TX |
k >0. Then Wh(n;M x Zk) =0, k> 0. That is the following theorem.

8.4. Theorem. Let M be compact space with K < 0 and with condition 4.3
such that there is no totally geodesic R x [a, b] immersed in it. Then

Wh(m,M xZ¥)=0,  k>0.

2
dt.

8.4.1. Corollary. Let M be a compact riemannian or PL manifold with K <0
such that there is no totally geodesic R x [a, b] immersed in it. Then

Wh(m,M xZ*)=0,  k>0.




A PL GEOMETRIC STUDY OF ALGEBRAIC K-THEORY 805

8.4.2. Corollary. Let M be a compact PL manifold with K < ¢ < 0. Then
Wh(m,M xZF) =0, k> 0.

9. HYPERBOLIZATION

This section shall extend result 8.4.2 from manifolds to polyhedra. Actually
we shall use Gromov’s hyperbolization to see a simple fact: The fundamental
group of a finite polyhedron is built up by fundamental groups of closed PL
manifolds via free products with amalgamations. Now, concerning Whitehead
groups, there is 8.4.2 for manifolds and Waldhausen’s result for free products
with amalgamations.

9.1. Recall the construction of hyperbolization [G1, 3.4]. Let K be compact
simplicial complex with PL flat geometry, and 4 be subcomplex. Define hK! =
K'. For any A? C A4, define hA? = A?. For any A2 ¢ A, there is compact
2-dimensional PL manifolds hA? with 9hA? = hOA? = 9A?. Glue all hA?
to K! and define hK? = K! U hA?. Assume that we already have AK'~!.
For any A’ C A, define hA! = A'. For any A’ ¢ A, there is a compact
PL manifold hA! with 9hA! = hoA'. Glue all hA! to hK'~! and define
hK' = hKi-' U hA!. Finally we have a compact simplicial complex AK with
PL flat geometry, called the hyperbolization of K relative to 4. It is important
that for any A’ ¢ 4, 0hA' C hA! is totally geodesic and AA’ has nonpositive
curvature. (One can assume, after a barycentric subdivision, that in K the
intersection of any simplex with A4 is a simplex.)

9.1.1. Remarks. (1) For any subcomplex L C K, hL C hK is precisely the
hyperbolization of L relativeto LN A. (2) If K is PL manifold, then 4K is
PL manifold.

9.1.2. Lemma. Suppose that X and Y are length spaces, A compact, A C X,
ACY, XUY=Xu,Y =XwY/ldentify 4, PC X and Q C Y are totally
geodesic, P> A, QD> A. Then PUQ C X UY is totally geodesic.

The proof is left to the reader.
9.1.3. Lemma. Let P C Q be subcomplexes in K. Then AUhP C AUhQ is
totally geodesic.

Proof. Tt is enough to show that for any subcomplex L and any simplex A’
with A ¢ L, AUhL C AUh(LUA") is totally geodesic. For A’ C A4, there
is nothing to prove. So assume that A’ ¢ 4.

Note that ANA(LUA') = ANhL . In fact

ANKA' = ANA' = ANHA' = ANhOA' C hOA' C hL.

So, by 9.1.2, we just prove AL C h(L U Af) =hLU hA! to be totally geodesic.
As hL N hA! = h(LNA') = hdA', hdA" = dhA' C hA' is totally geodesic,
hL C hL U hA' is totally geodesic by 9.1.2.

9.1.4. Lemma. For any subcomplex L and simplex A', 0A' c L, A ¢ A4,
hOA' Cc AU L is totally geodesic.

Proof. ANhOA' = ANOA'= ANA'. ANA' C A is totally geodesic. By 9.1.2,
hOA' ¢ AUROA' is totally geodesic. But AUAOA! C AUAL is totally geodesic
by 9.1.3.
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9.1.5. Remarks. (1) Since [G1, 4.3] one can glue spaces with curvature < 0
along compact totally geodesic subsets and still have curv. < 0, one sees that
when A4 has curv. < 0, AK has curv. < 0. (2) When 4 has curv. < 0,
1.e., any link of A is strictly larger than a standard sphere, then AK can have
curv. < 0 after a very very subtle perturb, provided a good hyperbolization is in
use. See [G1, 3.4, 3.4C and 4.3A]. (3) When A is aspherical, AK is aspherical
[G1, 3.4C].

9.1.6. Lemma. Let X be a space with K < 0, A Cc X be compact totally
geodesic. Then m A — m X is injective.

Proof. The familiar Hadamard trick indicates that any nontrivial element in

m A is realized as a periodic geodesic a. « in X is periodic geodesic. Since
X has K <0, a is not homotopic to a point.

9.1.7. Recall that for groups G and G and 1 subgroup HC G, HC G, there
is a free product with amalgamatlon G *g G=Gx G/ Identify H. Also note
that (G xy G) x L=(GxL)*gxL (G x L).
Reconsider the construction of #K . Corresponding fundamental groups are
as follows:
A- 7Z|A
AUKY s mAxZx---x7

A_UhL—>7_t A A
ANgA, NgL, 8N CL, AURLURA — 7 %q poni T1hA!

hK — m hK
9.2. Theorem (F. Waldhausen [W1, p. 157]).
Wh(H) — Wh(G) @ Wh(G) — Wh(G *y G)
Is exact.

9.3. Theorem. Let K be a compact simplicial complex with curvature < 0.
Then Wh(m;K x Z¥) =0, k> 0.

Proof. After a subdivision, we may assume that 'K isa subcomple)_( of compact
PL manifold M . For any simplex A’ ¢ K, OA'NK =A'NK, ANKcK is
totally geodesic and hence has curv. < 0. Since dA! is PL manifold, h0A’ is
PL manifold. So hA0A' is a compact PL manifold with curv. < 0. So, by 8.4.2,
Wh(n hOA! x Z") = 0, k > 0. Consider the fundamental group situation
of hyperbolization and Waldhausen’s result. We see that Wh(z; K x Z¥) c
Wh(m hM x Z¥), k > 0, hM is compact PL manifold with curv. < 0. By
8.4.2, Wh(m;hAM x7Z¥) =0, k>0. So Wh(m;K xZ¥)=0, k>0.

9.3.1. Remark. In the same way, the following first conjecture implies the sec-
ond. Compare [Hs, p. 114].
Conjecture 1. For any aspherical compact PL manifold A/, Wha M =0.
Conjecture 2. For any compact aspherical simplicial complex K, Whn K
= 0. Tom Farrell mentioned that a similar remark on the Novikov conjec-
ture was made by Davis in [D, p. 215]. (As for 9.1.7, we have two explicit
constructions available for the case of nonpositive curvature.)
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9.4. Some direct applications. (1) Let K be any finite polyhedron. Hyper-
bolize the whole K: K — hK . Then Wh(m hK xZ')=0, i >0.

(2) Let T be a finitely presented group. Then I' = m;K, where K is a
compact 2-simplicial complex. We have corresponding expression

I'={a),....,a;wy=e,..., w=e}.

Now substitute each 2-simplex of K by a Mdbius strip: K — K , K canbea
compact 2-simplicial complex with curvature < 0. Its fundamental group is

. 2
F={al,...,ak,bl,...,b,,wl=bl,...,w1=b,2}.

So Wh(I' x Z') = 0, i > 0. This construction is from [G1, 3.4]. There are
various variations. For example, one can use some punctured tori, or one can
leave one or two 2-simplexes unchanged.

(3) Consider Coxeter groups. Consider

G= {al g eeey ks (a,-aj)d‘f = e}.

Assume that d;; = 1, d;; # 1, i # j. Also assume that G is infinite and
contains no Z & Z. G. Moussong in [Mo] showed that G acts on a simply
connected polyhedron X with K < 0 and is cocompact. G has a torsion-free
cofinite subgroup I', by Selberg’s lemma. Then X/I" is compact with K < 0.
So Wh(I'x Z') =0, i >0. Also see [G1, 3.4.D].
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